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WOHLFAHRT’S THEOREM AND INDEX FORMULA FOR
ELEMENTARY MATRIX GROUPS AND SL(2,O)
CHENG LIEN LANG AND MONG LUNG LANG
Abstract. The present article determines the indices of the principal congruence sub-
groups of the Bianchi groups Bd, SL(2,O) and elementary matrix group E and extends
Wohlfahrt’s Theorem to Bd, SL(2,O) and E, where O is the ring of integers of some
number fields.
1. Introduction
1.1. Elementary matrix groups and Γ = SL(2,O). Let O be the ring of integers of a
number field and let {w1 = 1, w2, · · ·wn} be an integral basis of O. The elementary matrix
group studied by P. M. Cohn is the subgroup E of Γ generated by (see [C1], [C2], and
Section 4.2 of [F])〈
Ti = Twi =
(
1 wi
0 1
)
, S =
(
0 1
−1 0
)
: 1 ≤ i ≤ n
〉
. (1.1)
Let π be a nontrivial ideal of O. The principal congruence subgroups E(π) and Γ(π) of E
and Γ respectively are defined by
E(π) = {(aij) ∈ E : a11 − 1, a22 − 1, a12, a21 ∈ π}, (1.2)
Γ(π) = {(aij) ∈ Γ : a11 − 1, a22 − 1, a12, a21 ∈ π}. (1.3)
A subgroup K of E is called congruence if it contains E(π) for some π ⊆ O. Congruence
subgroups for Γ and PSL(2,O) can be defined analogously (see 3.3 for PSL(2,O)).
1.2. Index formula. The first part of the present article studies the index of the congruence
subgroup E(π) of E. As a byproduct, the index of the principal congruence subgroup Γ(π)
of Γ can be recovered simultaneously (see [F], [P] when the class number of O is one).
Theorem 2.6. Let (1) 6= π ⊆ O be an ideal and let E and Γ be given as in subsection 1.1.
Then
[E : E(π)] = [Γ : Γ(π)] = N(π)3
∏
(1−N(P )−2) (1.4)
Theorem 2.6 is equivalent to g : E → SL(2,O/π) defined by g(X) = X (mod π) is
surjective. Unlike the modular group case (Lemma 1.38 of [Sh]), we give an indirect proof
by studying the normal series of E(π) ⊳ E that consists of principal congruence subgroups
(Section 2). Our study shows that [Γ : Γ(π)] = [E : E(π)] is multiplicative (Lemma 2.1).
In the case π = Pn, where P is a prime ideal, Γ/Γ(P) ∼= E/E(P) ∼= SL(2,O/P) and
Γ(Pr)/Γ(Pr+1) ∼= E(Pr)/E(Pr+1) is elementary abelian of order N(P)3 for every r ≥ 1
(Lemmas 2.3 and 2.4). Consequently, our approach determines the order and group structure
of Γ/Γ(π) and E/E(π).
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1.3. Whlfahrt’s Theorem for E and Γ. Let K be a subgroup of Γ of finite index. We say K
has level m if m is the smallest positive integer such that the normal closure of the subgroup
generated by {(
1 mwi
0 1
)
: 1 ≤ i ≤ n
}
(1.5)
is contained inK. Note that suchm exists asK is of finite index in Γ. The level of subgroups
of E is defined similarly. In [W], Wohlfahrt proved that every subgroup S of finite index of
the modular group Γ = SL(2,Z) is congruence if and only if Γ(m) ⊆ S where m is the level
of S. The second part of the present article is to prove the following theorems which extend
Wohlfahrt’s Theorem to E and Γ = SL(2,O).
Theorem 3.2. Let K be a subgroup of finite index of E. Suppose that K has level m. Then
K is congruence if and only of E(m) ⊆ K.
Theorem 3.4. Let K be a subgroup of finite index of Γ. Suppose that K has level m. Then
K is congruence if and only of Γ(m) ⊆ K.
Theorem 3.4 has been proved by Fine and Petersen when O is the ring of integers of Q(
√
d)
where −d = 1, 2, 3, 7, 11, 19, 43, 67, 163 (Theorem 4.7.3 of [F], Theorem 3.1.1 of [P]). As an
immediate application of Serre’s result [S] and Theorem 3.4, one has
Corollary 3.5. Suppose that O has a unit of infinite order and that K is normal of index
m in Γ = SL(2,O). Then Γ(m) ⊆ K.
Theorem 3.4 enables us to construct non-congruence subgroups for SL(2,O) and PSL(2,O).
Unlike most of the known construction which requires the existence of a subgroup S of finite
index such that S/[S, S] has rank 2 or more (see [F], [GS], [Lu], [N], and [Z] for examples),
our construction can be achieved even if S/[S, S] is finite. To be more precise,
Lemma 5.2. Let S be a subgroup of PSL(2,O) of index g, level n. Suppose that O 6= Z.
Suppose further that S/[S, S] has a subgroup N of prime index q such that q is inert or
q ≥ 5 is split, and gcd (q, |SL(2,O/n)|/g) = 1. Then N is a non-congruence subgroup of
PSL(2,O) of index gq. In particular, if the rank of S/[S, S] is one or more, then S contains
a non-congruence subgroup of PSL(2,O) of finite index.
See Definition 5.1 for the terms split, inert and ramified.
1.4. Congruence subgroup problem. We say G = PSL(2,O) has congruence subgroup
property (CSP) if every subgroup of finite index is congruence. Applying the well known
results of Serre [S], PSL(2,O) does not have CSP if and only if O is either Z or the ring of
integers of the imaginary quadratic field Q(
√
d). In the latter case, the group is known as
the Bianchi group Bd. Equivalently, Bd = PSL(2, Od), where Od is the ring of integers of
the imaginary quadratic field Q(
√
d). The third part of the present article is to study the
commutator and power subgroups of Bd. By Theorem 3.4, we have
Proposition 6.2 and Proposition 6.3. Suppose that d 6≡ 5 (mod 8). Then B2d =〈
x2 : x ∈ Bd
〉
is non-congruence if and only if |Bd/B2d| ≥ 8. In particular, if the class
number of Od is three or more, then B
2
d is non-congruence. In the case d ≡ 5 (mod 8), Bd
is non-congruence if and only if d 6= −3.
Proposition 5.3. Let q ∈ N be a prime. Suppose that q is inert or q ≥ 5 is split in Od and
that d 6= −1,−3. Then Bd has a normal non-congruence subgroup of level q, index q.
Normal non-congruence subgroups for B−1 and B−3 can be found by applying Lemma
5.2 (see Proposition 5.4). Consequently, the fact that Bd does not have CSP can be viewed
as a consequence of Wohlfahrt’s Theorem. Suppose that G = PSL(2,O) has CSP. It is
well known that S/[S, S] is finite if [G : S] is finite (Section 16 of [BMS]). With the help of
Wohlfahrt’s Theorem, one has the following slightly better result.
Proposition 7.1. Suppose that G = PSL(2,O) has CSP. Let S be a subgroup of G of index
g, level n. Then S/[S, S] is finite. Let p be a prime divisor of |S/[S, S]|. Suppose that p is
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inert or p ≥ 5 is split. Then p divides |SL(2,O/n)|/g. In particular, if p is a prime divisor
of |G/[G,G]| <∞, then p is ramified or split. In the case p is split, p = 2, 3.
Applying Proposition 7.1, we show that if G = PSL(2, Od) has CSP, then G/[G,G] is of
order 2a3b for some a, b (Proposition 7.2). This makes groups with CSP very different from
the Bianchi groups Bd as Bd do not have CSP and Bd/[Bd, Bd] is finite only of d = −1,−3
(Theorem 4.1 and Table 1).
1.5. Discussion. Our main results (Theorem 2.6 and 3.2. 3.4) are in line with the modular
group case and their proofs are elementary (compare to the works we listed in the references).
However, it seems worth recording as both the index formula and Wohlfahrt’s Theorem are
of importance in the study of the Bianchi groups, SL(2,O) and the elementary matrix
groups.
2. Index Formula of [Γ : Γ(π)] and [E : E(π)]
The purpose of this section is to determine the indices [Γ : Γ(π)] and [E : E(π)] simulta-
neously. Recall that g : E → SL(2,O/A) is defined by g(X) = X (mod A) and that a key
fact of the study of the index [E : E(A)] is to prove that g is surjective (see subsection 1.2).
We find this difficult as a matrix σ ∈ SL(2,O) satisfies σ ≡ x, where x ∈ SL(2,O/A), is
not necessarily a member of E as E 6= SL(2,O) if the class number of O is two or more.
As a consequence, we have to prove the surjectivity of g in a different way.
2.1. Upper and lower bounds for [Γ : Γ(π)]. It is clear that
[E : E(π)] = [Γ ∩E : Γ(π) ∩ E] ≤ [Γ : Γ(π)]. (2.1)
Hence [E : E(π)] is an lower bound of [Γ : Γ(π)]. To start off our study of an upper bound
of [Γ : Γ(π)], we consider the homomorphism f : Γ → SL(2,O/π) defined by f(X) = X
modulo π. It is clear that the kernel of f is Γ(π). As a consequence,
[Γ : Γ(π)] ≤ |SL(2,O/π)|. (2.2)
Consider the prime factorisation π =
∏
πeii and the homomorphism g : SL(2,O/π) →∏
SL(2,O/πeii ) defined by g(X) = (X (mod πe11 ), X (mod πe22 ), · · · , X (mod πerr )). It is
clear that g is injective. As a consequence,
[Γ : Γ(π)] ≤ |SL(2,O/π)| ≤
∏
|SL(2,O/πeii )|. (2.3)
Similar to the modular group case (see Section 1.6 of [Sh]), the order of SL(2,O/πeii ) can
be determined. It is
|SL(2,O/πeii )| = N(πi)3ei (1−N(πi)−2), (2.4)
where N(πi) is the absolute norm of πi. As a consequence, [Γ : Γ(π)] ≤ N(π)3
∏
(1 −
N(πi)
−2). In summary, one has
[E : E(π)] ≤ [Γ : Γ(π)] ≤ N(π)3
∏
(1−N(πi)−2). (2.5)
The rest of this section is to study [E : E(π)]. See Theorem 2.6 for the main results.
2.2. The index [E : E(π)] is multiplicative. We prove the following useful lemma which
will be used later in our study of the concept level of Wohlfahrt’s (Lemma 3.1).
Lemma 2.1. Let K be a normal subgroup of E. Suppose that Ti ∈ K for all 1 ≤ i ≤ n.
Then K = E. In particular, let A and B be two ideals of O such that A + B = O. Then
E(A)E(B) = E, [E : E(AB)] = [E(A) : E(AB)][E(B) : E(AB)] = [E : E(A)][E : E(B)].
Proof. Since S4 = 1, T1 ∈ K ⊳ E, (ST1)4 ∈ K. Note that the order of T1S is three. Hence
T1S = (T1S)
4 ∈ K. (2.6)
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Hence S, Ti ∈ K. It follows that K = E. This completes the proof of the first part of the
lemma. Let A and B be two ideals of O and let {a1, a2 · · · , an} and {b1, b2, · · · , bn} be
integral bases of A and B respectively. Since A+B = O, there exists xik , yjk ∈ Z such that∑
xikak +
∑
yikbk = wi (2.7)
for all 1 ≤ i ≤ n. Pass to E(A) and E(B), (2.7) implies that (see Remark 2.2 for quadratic
case)
Twi = Ti ∈ E(A)E(B) for all i. (2.8)
Apply the first part of our lemma, E = E(A)E(B). Since E(A)∩E(B) = E(AB), by second
isomorphism theorem, we have [E : E(AB)] = [E(A) : E(AB)][E(B) : E(AB)]. 
Remark 2.2. Let A and B be two ideals of O, where O = (1, w) is the ring of integers of
Q(
√
d) for some d ∈ Z (square free). Let {a0, a1+ a2w} and {b0, b1+ b2w} be integral bases
of A and B respectively. Since A+B = O, there exists xi, yj ∈ Z such that x0a0 + x1(a1 +
a2w) + x2b0 + x3(b1 + b2w) = 1 and y0a0 + y1(a1 + a2w) + y2b0 + y3(b1 + b2w) = w. As a
consequence,
T x0a01 (T
a1
1 T
a2
w )
x1T x2b01 (T
b1
1 T
b2
w )
x3 = T1, T
y0a0
1 (T
a1
1 T
a2
w )
y1T y2b01 (T
b1
1 T
b2
w )
y3 = Tw. (2.9)
Note that T a01 , T
a1
1 T
a2
w ∈ E(A) and that T b01 , T b11 T b2w ∈ E(B). As a consequence, (2.10)
implies that T1, Tw ∈ E(A)E(B).
2.3. The index [E : E(πm)], where π is a prime ideal. We shall first study the index
[E : E(π)]. It is clear that E/E(π) is a subgroup of SL(2,O/π). Note that O/π is a finite
field of characteristic p where p is the smallest positive rational prime in π.
Lemma 2.3. Let π ⊆ O be a prime ideal and let p be the smallest positive rational prime
in π. Then E/E(π) ∼= SL(2,O/π), where O/π is a finite field of characteristic p and
|SL(2,O/π)| = N(π)3(1−N(π)−2) .
Proof. Since {w1, w2, · · · , wn} is an integral basis of O (see subsection 1.1) and S, Ti ∈ E
for all i. E/E(π) contains all the elementary matrices.
S, Tx =
(
1 x
0 1
)
, Ly =
(
1 0
y 1
)
∈ E/E(π) (2.10)
for all x, y ∈ O/π. Note that O/π is a finite field. One may perform elementary row and
column operations to show that every matrix in SL(2,O/π) can be written as a word in
S, Tx and Ly. As a consequence, E/E(π) ∼= SL(2,O/π). This completes the proof of the
lemma. 
Lemma 2.4. Let π ⊆ O be a prime ideal, m ≥ 1. Then E(πm)/E(πm+1) is an elementary
abelian p-group of order N(π)3, where p is the smallest positive rational prime in π.
Proof. Suppose thatN(π) = |O/π| = pr for some r. It follows that πn/πn+1 is an elementary
abelian p-group of order pr. Let {x1, x2, · · · , xr} be a set of generators of πn/πn+1. Then
xi ∈ πn \ πn+1 and {x1, x2, · · · , xr} is a Zp-independent set. Equivalently, if
∑r
i=1 aixi ∈
πm+1, where ai ∈ Z, then p|ai for all i. Since Ti ∈ E for all i, it is clear that
Xi =
(
1 xi
0 1
)
∈ E(πm) \ E(πm+1) (2.11)
for all xi. Set Yi = SXiS
−1, Zi = T1SXiS
−1T−11 (see (1.1) for the definition of Ti). The
matrix forms of Xi, Yj , Zk are given as follows.(
1 xi
0 1
)
,
(
1 0
−xi 1
)
,
(
1− xi xi
−xi 1 + xi
)
∈ E(πm) \ E(πm+1) (2.12)
Write the above matrices into the form I +Ai for some Ai. Since xixj ∈ πm+1 for all i and
j, one sees easily that
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(i) (I +Ai)
p ≡ I (mod πm+1),
(ii) (I +Ai)(I +Aj) ≡ I + (Ai +Aj) (mod πm+1).
As a consequence, the above matrices modulo πm+1 generate an elementary abelian p-group.
Set
A =
〈(
1 xi
0 1
)
,
(
1 0
−xi 1
)〉
, B =
〈(
1− xi xi
−xi 1 + xi
)〉
(2.13)
Since {x1, x2, · · · , xr} is a Zp-independent set, one sees easily that Amodulo πm+1 is elemen-
tary abelian of order p2r, B modulo πm+1 is elementary abelian of order pr and A∩B = {1}
modulo πm+1 (see Remark 2.5). Hence |E(πm/E(πm+1)| ≥ p3r = N(π)3. Applying (2.5),
|E(πm/E(πm+1)| ≤ N(π)3. This completes the proof of the lemma. 
Remark 2.5. Since A and B are abelian groups, elements in A and B take the following
simple forms respectively.
I +
r∑
i=1
(
0 aixi
−bixi 0
)
, I +
r∑
i=1
( −cixi cixi
−cixi cixi
)
. (2.14)
2.4. The main result. Apply (2.5) and Lemmas 2.3 and 2.4, we have the following results.
It gives the indices in terms of the norms of ideals.
Theorem 2.6. Let 1 6= π ⊆ O be an ideal. Then
[Γ : Γ(π)] = [E : E(π)] = N(π)3
∏
(1−N(P )−2), (2.15)
where the product is over the set of all prime ideals P that divide π and N(P ) is the absolute
norm of P .
Proof. Since the index [E : E(π)] is multiplicative (Lemma 2.1), one may apply Lemmas
2.3 and 2.4 to conclude that [Γ : Γ(π)] = [E : E(π)] = N(π)3
∏
(1 −N(P )−2). 
Corollary 2.7. The homomorphisms f : Γ → SL(2,O/π), g : E → SL(2,O/π) defined
by f(X) = X, g(X) = X modulo π are surjective.
3. Wohlfahrt’s Theorem
3.1. Wohlfahrt’s Theorem for E. Denoted by N(E(mn),m) the normal closure of E(mn)
and Tmi (1 ≤ i ≤ n) in E. The following lemma (Lemma 3.1) shows that N(E(mn),m)
= E(m). It follows immediately from this lemma that Wohlfahrt’s Theorem can be extended
to the elementary matrix groups (Theorem 3.2).
Lemma 3.1. N(E(mn),m) = E(m).
Proof. Let x be the smallest positive rational integer such that E(x) ⊆ N(E(mn),m) ⊆
E(m). Suppose that x > m. Since m is a divisor of x, one has x = mm0p, where m0, p ∈ N
and p is a prime. Set q = mm0. Then x = pq. Since E(pq) = E(x) ⊆ N(E(mn),m), it
follows that
N(E(pq), q) ⊆ N(E(mn),m). (3.1)
Case 1. gcd (p, q) = 1. Let X = N(E(pq), q). It is clear that X ⊆ E(q). We consider the
group XE(p). Since gcd (p, q) = 1, T pi ∈ E(p) and T qi ∈ X for all i, we have Ti ∈ XE(p)
for all i. This implies that XE(p) = E (Lemma 2.1). Hence
X/E(pq)× E(p)/E(pq) ∼= E/E(pq) ∼= E(p)/E(pq)× E(q)/E(pq). (3.2)
Note that X ⊆ E(q). It is now clear that (3.2) implies that X = E(q). By (3.1),
E(q) = N(E(pq), q) ⊆ N(E(mn),m). This contradicts the minimality of x. Hence x = m.
Equivalently, N(E(mn),m) = E(m).
Case 2. gcd (p, q) 6= 1. It follows that p|q. By Theorem 2.6, [E(q) : E(pq)] = N(p)3. Since
N(E(pq), q) ⊆ E(q),
[N(E(pq), q) : E(pq)] ≤ N(p)3. (3.3)
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It is clear that T qi , ST
q
i S
−1, T1ST
q
i S
−1T−11 ∈ E(q). The matrix form of the above matrices
are given as follows.(
1 qwi
0 1
)
,
(
1 0
−qwi 1
)
,
(
1− qwi qwi
−qwi 1 + qwi
)
. (3.4)
Similar to Lemma 2.4, the above matrices modulo E(pq) generate an elementary abelian p-
group of order N(p)3. Since these matrices are conjugates of T qi , it follows that [N(E(pq), q)
: E(pq)] is at least N(p)3. By (3.3), [N(E(pq), q) : E(pq)] = N(p)3. Hence N(E(pq), q) =
E(q). By (3.1), E(q) ⊆ N(E(mn),m). This contradicts the minimality of x. Hence x = m.
Equivalently, N(E(mn),m) = E(m). This completes the proof of the lemma. 
Theorem 3.2. (Wohlfahrt’s Theorem) Let K be a subgroup of E of finite index. Suppose
that the level of K is m. Then K is congruence if and only if E(m) ⊆ K.
Proof. Suppose that K is congruence. Then E(n) ⊆ K for some n. Hence E(mn) ⊆ K.
Since the level of K is m, it follows that N(E(mn),m) ⊆ K. By Lemma 3.1, E(m) ⊆ K.
The converse is clear. 
3.2. Wohlfahrt’s Theorem for Γ = SL(2,O). Denoted by N(Γ(mn),m) the normal closure
of Γ(mn) and Tmi (1 ≤ i ≤ n) in Γ. The following lemma is essential in our study of
Wohlfahrt’s Theorem for Γ.
Lemma 3.3. N(Γ(mn),m) = Γ(m).
Proof. Let X = N(Γ(mn),m). An easy study of the group diagram of the following six
groups Γ(mn) ⊆ X ⊆ Γ(m) and Γ(mn) ∩ E(m) ⊆ X ∩ E(m) ⊆ Γ(m) ∩ E(m) implies that
(i) [Γ(m) : X ] ≥ [Γ(m) ∩ E(m) : X ∩ E(m)] = [E(m) : X ∩ E(m)],
(ii) [X : Γ(mn)] ≥ [X ∩ E(m) : Γ(mn) ∩ E(m)] = [X ∩ E(m) : E(mn)],
(iii) [Γ(m) : Γ(mn)] = [E(m) : E(mn)] (Theorem 2.6).
Applying (iii) of the above to (i) and (ii), it follows that the inequalities are actually equal-
ities. Hence (i) of the above becomes
[Γ(m) : X ] = [Γ(m) ∩E(m) : X ∩ E(m)] = [E(m) : X ∩ E(m)]. (3.5)
It is clear that N(E(mn),m) ⊆ X ∩ E(m). By Lemma 3.1, N(E(mn),m) = E(m). Hence
the third term of (3.5) is 1. This implies that [Γ(m) : X ] = 1. Equivalently, Γ(m) =
N(Γ(mn),m). 
Similar to Theorem 3.2, we may extend Wohlfahrt’s Theorem to Γ as follows.
Theorem 3.4. (Wohlfahrt’s Theorem) Let K be a subgroup of Γ of finite index. Suppose
that the level of K is m. Then K is congruence if and only if Γ(m) ⊆ K.
Corollary 3.5. Suppose that O has a unit of infinite order and that K is normal of index
m in Γ = SL(2,O). Then Γ(m) ⊆ K.
Proof. Since O has a unit of infinite order, every subgroup of Γ of finite index is congruence
(Serre [S]). Since K is normal of index m, the level of K is a divisor of m. It follows from
Theorem 3.4 that Γ(m) ⊆ K. 
3.3. Discussion. Let G = PSL(2,O) or PE = E/ 〈±I〉. Define the principal congruence
subgroupG(π) to be G(π) = {x ∈ G : x ≡ ±I (modπ)}. A subgroupK of G is a congruence
subgroup if K contains G(π) for some π ⊆ O. Let K be a subgroup of G of finite index. The
level of K is the smallest positive integer m such that the normal closure of the subgroup
generated by {
±
(
1 mwi
0 1
)
: 1 ≤ i ≤ n
}
(3.6)
is contained in K. Theorems 3.2 and 3.4 can be extended easily to G as follows.
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Theorem 3.6. (Wohlfahrt’s Theorem) Let K be a subgroup of G = PSL(2,O) or PE
of finite index. Suppose that the level of K is m. Then K is congruence if and only if
G(m) ⊆ K.
4. Known results of the Bianchi groups
4.1. In the case O = Od is the ring of integers of the imaginary quadratic field Q(
√
d),
d < 0. Bd = PSL(2, Od) is known as the Bianchi group.
4.2. Known results about projective elementary matrix groups PEd = Ed/ 〈±I〉 and
Bianchi groups Bd. Let {1, w} be an integral basis of Od. Then PEd is generated by
T1 =
(
1 1
0 1
)
, Tw =
(
1 w
0 1
)
, S =
(
0 1
−1 0
)
. (4.1)
In the case −d = 1, 2, 3, 7, 11, Cohn’s results [C1] implies that PEd = Bd. The group
structure for such Bd is completely known (Theorem 4.3.1 of Fine [F]). In the case −d 6=
1, 2, 3, 7, 11, PEd = {a, t, u : a2 = (at)3 = [t, u] = 1} (Theorem 4.8.1 of [F]). Set Ω =
{−1,−2,−3,−7,−11}. As an easy application of their results, one has the following.
Table 1. PEd/[PEd, PEd] and PEd/PE
2
d
d PEd/[PEd, PEd] PEd/PE
2
d Remark
− 1 Z2 × Z2 Z2 × Z2 Bd = PEd
− 2 Z× Z6 Z2 × Z2 Bd = PEd
− 3 Z3 1 Bd = PEd
− 7 Z× Z2 Z2 × Z2 Bd = PEd
− 11 Z× Z3 Z2 Bd = PEd
d /∈ Ω Z× Z6 Z2 × Z2 Bd 6= PEd
where B2d =
〈
x2 : x ∈ Bd
〉
and PE2d =
〈
x2 : x ∈ PEd
〉
. We now turn our attention to the
case d /∈ Ω = {−1,−2,−3,−7,−11}. Works of Swan and others (see Theorem 6.2.2 and pp.
195 of Fine [F]) imply that
Theorem 4.1. Suppose that −d 6= 1, 2, 3, 7, 11. Then the rank r of Bd/[Bd, Bd] is finite.
Further, r ≥ hd, where hd is the class number of Od. In particular, ∞ > |Bd/B2d| ≥ 2r.
5. First application : Non-congruence subgroups of small indices
The main purpose of this section is to construct normal non-congruence subgroups of
small indices and levels of the Bianchi groups. Throughout the section, d < 0 is square free
and Bd(x) is the principal congruence subgroup associate to x.
Definition 5.1. Consider the prime decomposition (q) = Pe11 Pe22 · · · Pess in O. q is inert if
s = 1, e1 = 1, q is split if s ≥ 2, e1 = e2 = · · · es = 1, q is ramified if ei ≥ 2 for some i.
Lemma 5.2. Let S be a subgroup of PSL(2,O) of index g, level n. Suppose that O 6= Z.
Suppose further that S/[S, S] has a subgroup of prime index q such that q is inert or q ≥ 5 is
split, and gcd (q, |SL(2,O/n)|/g) = 1. Then N is a non-congruence subgroup of PSL(2,O)
of index gq. In particular, if the rank of S/[S, S] is one or more, then S contains a non-
congruence subgroup of PSL(2,O) of finite index.
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Proof. Set G = PSL(2,O). Consider the prime decomposition (q) = ∏πi, πi 6= πj if
and only if i 6= j. Since O 6= Z, O/πi is a field of at least 4 elements. It follows that
PSL(2,O/πi) is non-abelian simple,
gcd (q, |SL(2,O/n)|/g) = 1 (5.1)
and that S has a normal subgroup N of index q. It is clear that the level of N is a divisor
of nq. Suppose that N is congruence. By Theorem 3.6, G(nq) ⊆ N and G(n) ⊆ S, where
G(m) is the principal congruence subgroup of level m. We have two cases to consider.
Case 1. G(n) ⊆ N . It follows that N/G(n) is a subgroup of G/G(n) ∼= PSL(2,O/n) of
index q. An easy study of the indices of the groups G(n) ⊆ N ⊆ S ⊆ G implies that q is a
divisor of |SL(2,O/n)|/g. A contradiction. Hence N is non-congruence.
Case 2. G(n) is not a subgroup of N . This implies that (N ∩ G(n))/G(nq) is a normal
subgroup of G(n)/G(nq) ∼= SL(2,O/q) of index q. We consider the composition factors of
the following normal series.
1 ⊳ (N ∩G(n))/G(nq) ⊳ G(n)/G(nq) ∼= SL(2,O/q). (5.2)
PSL(2,O/πi) is a composition factor of (5.2). Since [G(n) : N ∩ G(n)] = q is a prime,
PSL(2,O/πi) is not a composition factor of (N ∩ G(n))/G(nq) ⊳ G(n)/G(nq). Hence
PSL(2,O/πi) is a composition factor of 1⊳(N∩G(n))/G(nq) for all i. By (5.2), the order of
G(n)/G(nq) is a multiple of q|PSL(2,O/q)|. A contradiction. Hence N in non-congruence.
Note that ∩xNx−1 is normal in G. 
Proposition 5.3. Let q ∈ N be a prime. Suppose that q is inert or q ≥ 5 is split in Od
and that d 6= −1,−3. Then Bd has a normal non-congruence subgroup of level q, index q.
Similarly, PEd has a normal non-congruence subgroup of level q, index q.
Proof. Let S = Bd. Since d 6= −1,−3, S/[S, S] = Bd/B′d has positive rank (Theorem 4.1
and Table 1). Let q be given as in the proposition let N be a normal subgroup of index q
in S = Bd. By Lemma 5.2, N is normal non-congruence in S = Bd. Note that the above
argument works for PEd. 
Proposition 5.4. Let d = −1,−3. Then Bd = PEd has normal non-congruence subgroups.
Proof. (i) d = −1. Let S = B′′′d be the third commutator subgroup of Bd. Then the level of
S is a divisor of 12, [Bd : S] = 768, S has 384 generators and S/[S, S] is infinite (Theorem
5.3.1 of Fine [F]). By Lemma 5.2, Bd has a normal non-congruence subgroup.
(ii) d = −3. Set H2 = Bd(
√−3). Applying results of Fine (Theorem 4.4.4 of Fine [F]),
H2 = B
′′
d and S =
〈
x2 : x ∈ H2
〉
is characteristic of index 3 in H2. Further,
S =
〈
w1, w2, w3, w4 : (w4w2)
3 = (w1w3)
3 = (w1w2w3w4)
3 = [w1, w2] = [w3, w4] = 1
〉
.
Note that S/[S, S] ∼= Z × Z × Z3 × Z3. By Lemma 5.2, Bd has a normal non-congruence
subgroup. 
6. Second Application : The power subgroups
6.1. Now we turn our attention to the power group B2d =
〈
x2 : x ∈ Bd
〉
. We shall first
prove a lemma that will be useful for our study. Throughout the section, d < 0 is square
free, Bd(x) is the principal congruence subgroup associated to x. The main purpose of this
section is to show that the number of d’s such that B2d is congruence is finite (Propositions
6.2 and 6.3).
Lemma 6.1. Let G = PSL(2, Od/2) and G
2 =
〈
x2 : x ∈ G〉. Suppose that (2) is a
prime ideal of Od. Then G = G
2. Suppose that (2) is not a prime ideal of Od. Then
G/G2 ∼= Z2 × Z2.
Proof. Suppose that (2) is a prime ideal. Then PSL(2, O/2) ∼= A5 is non-abelian simple.
Hence G = G2. In the case (2) is split, G ∼= S3×S3 and the lemma holds. We may therefore
assume that (2) is ramified. Let π be the prime ideal that divides (2) = π2. It follows that
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|G| = 48 and G is an extension of Bd(π)/Bd(2) = A ∼= Z2×Z2×Z2 by Bd/Bd(π) = X ∼= S3.
To be more accurate, pick w ∈ π \ (2), then A = 〈x, y, z〉, where
x =
(
1 w
0 1
)
, y =
(
1 0
w 1
)
, z =
(
1 + w w
w 1 + w
)
. (6.1)
One can show easily that the group generated by x, y and z is elementary abelian of order
8 modulo (2) (see (i) and (ii) of Lemma 2.4). Similarly, X = 〈S,R 〉 , where
S =
(
0 1
−1 0
)
, R =
(
0 1
−1 −1
)
. (6.2)
Note that S and R generate a symmetric group of order 6 modulo (2). Let B be the subgroup
of A generated by xz and yz.
B =
〈
xz =
(
1 + w 0
w 1 + w
)
, yz =
(
1 + w w
0 1 + w
)〉
. (6.3)
B is invariant under the conjugation of R. Hence B and R generate a subgroup of G of
order 12. It is clear that 〈z, S〉∩〈B,R 〉 = 1 and that z and S normalise D = 〈B,R 〉. Hence
D is a normal subgroup of G and that
G/D ∼= 〈z, S 〉 ∼= Z2 × Z2. (6.4)
This implies that G2 ⊆ D. Suppose that G2 6= D. Since G/G2 is an elementary abelian
2-group and |G| = 48, the order of G2 is either 3 or 6. In both cases, one concludes that the
Sylow 3-subgroup of G2 is a normal subgroup of G. This is a contradiction as 〈R〉 is not
normal. Hence D = G2. This completes the proof of the lemma. 
Proposition 6.2. Suppose that d ≡ 5 (mod 8). Then B′d and B2d are non-congruence if and
only if d 6= −3.
Proof. Since d ≡ 5 (mod 8), (2) ⊆ Od is a prime ideal. It follows that PSL(2, Od/2) ∼= A5.
(i) d 6= −3. B2d is of level 2. Suppose that B2d is congruence. By Theorem 3.6, Bd(2) ⊆ B2d .
Hence B2d/Bd(2) is a normal subgroup of Bd/Bd(2)
∼= PSL(2, Od/2). By Lemma 6.1,
B2d = Bd. This is a contradiction (Theorem 4.1 and Table 1). Hence B
′
d and B
2
d are not
congruence.
(ii) d = −3. Let w = √−3. B−3/B−3(w) ∼= A4 has a unique normal subgroup U/B−3(w)
of index 3. In particular, B−3/U is abelain. Hence B
′
−3 ⊆ U . By Table 1, B−3/B′−3 ∼= Z3.
This implies that U and B′
−3 have the same index. Hence U = B
′
−3. As a consequence,
B−3(w) ⊆ U = B′−3. Hence B′−3 is congruence of level 3. Note that B2−3 = B−3. 
Proposition 6.3. Suppose that d 6≡ 5 (mod 8). Then B2d is non-congruence if and only
if |Bd/B2d| ≥ 8. In particular, if the class number of Od is three or more, then B2d is
non-congruence.
Proof. The level of B2d is 2. Suppose that B
2
d is congruence. By Theorem 3.6 , Bd(2) ⊆ B2d .
Note that Bd/Bd(2) ∼= PSL(2, Od/2). Since d 6≡ 5 (mod 5), (2) is not a prime. By Lemma
6.1, Bd/B
2
d
∼= Z2 × Z2. In particular, |Bd/B2d| < 8. Conversely, suppose that |Bd/B2d| < 8.
Then |Bd/B2d| = 1, 2, or 4. Let U ⊆ PSL(2, Od) = Bd be the pre-image of D (see (6.4) of
Lemma 6.1). Then Bd/U ∼= Z2 × Z2. This implies that B2d = U . Since Bd(2) ⊆ U , B2d is
congruence. This completes the proof of the first part of the proposition.
Suppose that the class number of Od is three or more. By Theorem 4.1, |Bd/B2d| ≥
8. Suppose that B2d is congruence. Then Bd(2) ⊆ B2d (Theorem 3.6) and B2d/Bd(2) ⊳
Bd/Bd(2) ∼= PSL(2, Od/2). In the case d ≡ 5 (mod 8), PSL(2, Od/2) ∼= A5 is simple.
Hence B2d = Bd or Bd(2). This contradicts the fact that Bd/B
2
d is abelian of order 8 or
more. Hence B2d is non-congruence. In the case d 6≡ 5 (mod 8), B2d is not congruence by the
first part of the present proposition. 
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Discussion 6.4. The set of d’s (d < 0 is square free) such that the class number of Od is 2 or
less is {−1,−2,−3,−7,−11,−19,−43,−67,−163}∪{−5,−6,−10,−13,−15,−22,−35,−37,
−51,−58,−91,−115, −123,−187,−235,−267,−403,−427}.
6.2. One may apply the proof of Proposition 6.2 and conclude immediately that
Proposition 6.5. Suppose that d ≡ 5 (mod 8). Then PE′d and PE2d are non-congruence if
and only if d 6= −3.
In the case d 6≡ 5 (mod 8), one has the following.
Proposition 6.6. Suppose that d 6≡ 5 (mod 8). Then PE2d is congruence.
Proof. By Table 1, PEd/PE
2
d
∼= Z2×Z2. By Lemma 6.1, PEd/PEd(2) ∼= PSL(2, Od/2) has
a normal subgroup D such that PSL(2, Od/2)/D ∼= Z2 × Z2. Denoted by V the pre-image
of D in PEd. Then PEd/V ∼= Z2 × Z2. Hence PE2d = V . Note that PEd(2) ⊆ V . Hence
PE2d is congruence. 
7. Third Application : Congruence Subgroup Property (CSP)
The main purpose of this section is to show that if G = PSL(2, Od) has CSP, then
G/[G,G] is a finite group of order 2a3b for some a, b (Proposition 7.2). Note that Bd do not
have CSP and Bd/[Bd, Bd] is finite only if d = −1,−3.
Proposition 7.1. Suppose that G = PSL(2,O) has CSP. Let S be a subgroup of G of index
g, level n. Then |S/[S, S]| is finite. Let q be a prime divisor of |S/[S, S]|. Suppose that q is
inert or q ≥ 5 is split. Then q divides |SL(2,O/n)|/g. In particular, if q is a prime divisor
of |G/[G,G]| <∞, then q is either ramified or split. In the case q is split, q = 2 or 3.
Proof. Since G has CSP, S/[S, S] is finite (Section 16 of [BMS]). The second part of the
proposition follows immediately by applying Lemma 5.2. 
Proposition 7.2. Let Od be the ring of integers of the real quadratic field Q(
√
d ) and let
G = PSL(2, Od). Let q ∈ N be a prime. Suppose that q divides |G/[G,G]|. Then q is
ramified or split and q = 2 or 3. In particular, |G/[G,G]| = 2a3b.
Proof. Since Q[
√
d ] has a unit of infinite order, G has CSP (Serre [S]). By our assumption,
G has a normal subgroup of index q. By Lemma A1, q is ramified or split and q ≤ 5. 
Proposition 7.2 suggests the following.
Conjecture 7.3. Suppose that G = PSL(2,O) has CSP. Let q be a prime divisor of
|G/[G,G]|. Then q is ramified or split and q = 2 or 3. In particular, |G/[G,G]| = 2a3b.
8. Appendix A
Let q ≥ 5 be a rational prime that is ramified in Od, the ring of integers of the quadratic
field Q[
√
d], d ∈ Z. Let π be the prime ideal that divides (q) = π2 and let {q, x} be an
integral basis of π. Let G = PSL(2, Od). Then G/G(q) is an extension of G(π)/G(q) by
G/G(π) ∼= PSL(2, Od/π) = PSL(2, q), where G(π)/G(q) ∼= Zq × Zq × Zq.
G(π)/G(q) ∼=
〈
r =
(
1 0
x 1
)
, s =
(
1 x
0 1
)
, u =
(
1− x x
−x 1 + x
)〉
. (A1)
Let t = rs−1u. t (mod q) can be found in (A2). It is clear that 〈r, s, u〉 = 〈r, s, t〉 (mod q).
G/G(π) ∼=
〈
S =
(
0 1
−1 0
)
, T =
(
1 1
0 1
)〉
, t ≡
(
1− x 0
0 1 + x
)
. (A2)
Set vg = gvg−1. Direct calculation shows that (see (i) and (ii) of Lemma 2.4 for matrix
multiplication of G(π)/G(q))
rS = s−1, sS = r−1, tS = t−1, rT = rs−1t−1, sT = s, tT = s2t. (A3)
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Lemma A1. Suppose that G = PSL(2, Od) has CSP. Let q be a rational prime. Suppose
that q ∈ Od is inert or q ≥ 5. Then G has no normal subgroups of index q.
Proof. Suppose that G has a normal subgroup K of index q. Since G has CSP, G(q) ⊆ K
(Theorem 3.6). In the case q is inert, G/K is a normal subgroup of the simple group
G/G(q) ∼= PSL(2, q2). A contradiction. In the case q ≥ 5 is split, G/K is a normal
subgroup of index q of G/G(q) ∼= (SL(2, q)× SL(2, q))/Z2. Again, a contradiction. Hence
we may assume that q ≥ 5 is ramified. Let π be the prime ideal that divides (q) = π2. Since
q ≥ 5, PSL(2, Od/π) is non-abelian simple. Hence G(π) is not a subgroup of K. Hence
N = K/G(q) ∩ G(π)/G(q) is a normal subgroup of G/G(q) of order q2. Take 1 6= σ =
rasbtc ∈ N ⊆ G(π)/G(p). There are four cases to consider.
Case 1. a 6= b. Recall that N is normal. σSσ = ra−bsb−a ∈ N . Hence rs−1 ∈ N . It follows
that (rs−1)−1(rs−1)T = (st)−1 ∈ N . Hence (st)(st)−1)T = s−2 ∈ N . It follows that s ∈ N .
By (A3) and the fact that N is normal, r, t ∈ N . Hence N has order q3. A contradiction.
Case 2. a = b = 0. Hence tc ∈ N . This implies that t ∈ N . By (A3) and the fact that N
is normal, r, s ∈ N . Hence N has order q3. A contradiction.
Case 3. a = b 6= 0 and 2c/a− 1 = 0 (mod q). Hence rasatc ∈ N . It follows that rstd ∈ N ,
where d = c/a. Hence (rstd)−1(rstd)T = t−1 ∈ N . Similar to Case 2, this is a contradiction.
Case 4. a = b 6= 0 and 2c/a − 1 6= 0 (mod q). Similar to Case 3, rstd ∈ N , where
d = c/a. Hence (rstd)−1(rstd)T = s2d−1t−1 ∈ N . It follows that (s2d−1t−1)S(s2d−1t−1) =
r1−2ds2d−1 ∈ N . Hence rs−1 ∈ N . Similar to Case 1, this is a contradiction.
Hence G has no normal subgroups of index q. 
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